The analytic result for the radiative correction of order α 2 (Zα) 5 m to the Lamb shift connected with a polarization insertion in one of the two external Coulomb lines is obtained. This correction arises from a gauge invariant set of diagrams which contain, besides the polarization insertion in the Coulomb leg, all one-loop radiative photon insertions in the electron line with two external Coulomb lines.
Theoretical work on high order corrections to hyperfine splitting (HFS) and Lamb shift in hydrogenlike ions was concentrated recently on calculation of all nonrecoil contributions of order α 2 (Zα) 5 . This work is now successfully completed, and all calculations for the hyperfine splitting [1] [2] [3] [4] [5] [6] and for the Lamb shift [7] [8] [9] [10] [11] 4, 12, 6] were performed independently by two different groups, and the results of these calculations are in excellent agreement.
Still there exists a certain asymmetry between the results for HFS and Lamb shift with respect to our knowledge of analytical results. For both HFS and Lamb shift contributions of order α 2 (Zα) 5 are induced by six gauge invariant sets of diagrams in Fig.1 , which correspond to different radiative corrections to the skeleton graph with two Coulomb photons attached to the electron line [1, 7] . While corrections to HFS induced by the first three sets of diagrams in Figs.1a-1c are known in analytic form [1, 2] , in the case of the Lamb shift analytic results exist only for the first two sets of diagrams in Fig.1 [13] . It is the aim of the present paper to obtain the analytic result for the contribution to the Lamb shift induced by the gauge invariant set of diagrams in Fig.1c , containing insertions of one radiative photon in the electron line and simultaneous insertion of a one-loop polarization operator in one of the Coulomb lines. This would imply that contributions of the diagrams in Figs.1a-1c are then known analytically for both HFS and Lamb shift.
As was discussed at length in Ref. [7] the respective contribution to the Lamb shift of S states is given by the expression
where
describes the Coulomb line with one polarization insertion, L(k) corresponds to the sum of radiative corrections to the electron line in Fig.1 , and k = |k| is the magnitude of the spatial momentum of the external Coulomb photons measured in units of electron mass 1 . Explicit expressions for the electron factor L(k) with on-mass-shell external electron lines in Eq.(1) were obtained earlier in [14, 8, 9] in the form of apparently different two-dimensional integrals over the Feynman parameters. Of course, one may prove that all these expressions coincide.
For our present goals we need an expression for the electron factor, not in the form of the parametric integral, but as an explicit function of the exchanged momentum. We have started with the parametric expression in [9] , and performed all parametric integrations explicitly. The initial expression for the electron factor in [9] contains an auxiliary infrared regularization parameter λ, which was needed to make separate parametric integrals well defined. It is well known that the total expression for the electron factor is infrared finite and should not depend on the infrared photon mass λ. In accordance with this general statement the result of our parametric integration is nonsingular in λ and admits the limit of vanishing λ. Explicitly, after tedious calculations we obtain
This last integral in the definition of function Φ(k) may be also calculated in closed form in terms of dilogarithms, but the integral representation is more convenient for further calculations.
The expression for the spin-independent electron factor relevant for the Lamb shift calculation in Eq.(3), has the same general structure as the respective expression for the spin-flip electron factor relevant for the calculation of the contribution to HFS [1] . The same auxiliary function Φ(k) emerged also in the case of HFS.
It is easy to obtain high-and low-frequency asymptotes of the electron factor in Eq.(3)
For analytic calculation we also need the explicit expression for the polarization operator as the function of the exchanged momentum
Then the contribution to the Lamb shift induced by the diagrams in Fig.1c may be written in the form
Calculation of the separate integrals for the terms δǫ ij is performed directly. We always avoid direct use of the function Φ(k) with the help of integrating by parts, exploiting the fact that the derivative of Φ(k) may be easily calculated in terms of elementary functions
Explicit results for the separate terms on the right hand side in Eq. (7) are collected in the Table. In the process of calculation two auxiliary integrals
were used. These integrals were calculated in [1] , and, to the best of our knowledge, do not appear in the mathematical handbooks. Collecting all terms in the Table we obtain the analytic expression for the contribution to the Lamb shift induced by the gauge invariant set of diagrams in The numerical value of the factor in the parenthesis nicely coincides with the previous numerical results [8, 10] within the accuracy of those numerical results.
We would like to mention that exactly the same characteristic combinations of logarithms and square roots of five emerged earlier in the contribution of the same diagram to HFS. The result above differs from the respective contribution to HFS only by the values of the factors before these characteristic structures.
We are now able to give the state of the art expression for the total contribution to the Lamb shift of order α 2 (Zα) 5 , combining the analytic results for the diagrams in Fig.1a -1b [13] , Fig.1c (this work) , and the most precise numerical results for the other diagrams [6, 10] The phenomenological consequences of this result were discussed in detail, e.g., in [6] , and we will not reproduce the discussion here. On the theoretical side we would like to mention that the analytic result above nicely confirms qualitative arguments presented in [6] about the natural scale of the order α 2 (Zα) 5 contributions to the Lamb shift. We are convinced that at the current state of the art the diagrams in Figs.1d-f do not admit analytic calculation for either the case of HFS or the case of the Lamb shift. In this sense we believe that the semianalytic result in Eq.(11) cannot be improved further, by replacing numerical contributions by analytical results.
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